The fundamental properties of the signal structure in Franck-Hertz experiments are analyzed. The central result is that the spacings between the minima in Franck-Hertz curves are not equidistant but increase linearly with the number of minima. This increase is especially pronounced at low atomic pressure. We suggest that the increase of the spacings is caused by the additional acceleration of electrons over their mean free path after the excitation energy is reached. Our model accurately estimates the lowest excitation energies of mercury ͑4.67 eV͒ and neon ͑16.6 eV͒ atoms and the mean free path of electrons in standard Franck-Hertz experiments. These results contradict the usual assumption that the spacings between successive minima or maxima are equal. We demonstrate that a standard Franck-Hertz apparatus can be upgraded to do more advanced experiments.
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I. INTRODUCTION
The Franck-Hertz experiment on electron-mercury collisions is one of the key demonstrations of the quantum behavior of atoms and provides a direct nonoptical demonstration of the existence of discrete stationary energy levels in atoms. In 1925 Franck and Hertz received the Nobel Prize for this work. 1, 2 It is widely used in undergraduate physics teaching laboratories. Usually the experiment is limited to the determination of the energy required to excite the first energy levels of mercury or neon atoms.
A typical arrangement of the Franck-Hertz experiment with a Hg or Ne tube is shown in Fig. 1 . The tube consists of an indirectly heated cathode C, two grids G 1 and G 2 separated by a distance L, and an anode A. A small voltage U 1 can be applied between the cathode C and grid G 1 to control the emission of electrons. The presence of this voltage is not critical and in some tubes G 1 is absent. An accelerating voltage U 2 is applied between the two grids, where electrons can gain enough energy to create inelastic collisions with atoms. A small retarding voltage U 3 is applied between grid G 2 and anode A so that an electron that has undergone an inelastic collision close to G 2 has insufficient energy to reach the anode. The mercury tube needs to be heated to a temperature between 140°C and 200°C so that mercury pressure is sufficiently high.
When the electron energy is high enough to overcome the retarding potential U 3 , they reach the anode and are included in the measured anode current I. Electrons with an energy less than eU 3 are unable to reach the anode and are collected by the grid G 2 instead. For small accelerating voltages U 2 the anode current characteristics of a Franck-Hertz tube are similar to that of a triode. For greater voltages U 2 , electrons are accelerated between the grids until they have enough energy to excite an atom. At this voltage the anode current decreases and passes through a minimum when almost every electron has suffered an inelastic collision. Subsequently the excited atoms return to their ground state by the spontaneous emission of a photon. At the voltage corresponding to the current dip a light emission in the tube near the second grid can be observed. 3, 4 A further increase of U 2 leads to the additional acceleration of electrons until they gain enough energy to excite an atom again. As a result the anode current passes through its second minimum, corresponding to two inelastic collisions of each of the free electrons with atoms. This process repeats with the increase of the voltage U 2 , and several current dips can be observed at nearly integer multiples of the excitation energy of the atoms in the current-voltage diagram ͑the Franck-Hertz curve͒.
It is generally assumed that all the maxima or minima spacings in Franck-Hertz curves are equal and correspond to the first excitation energy of atoms. [4] [5] [6] [7] [8] It is even suggested that the magnitude of the lowest excitation energy can be calculated by using the mean value of the maxima 8 or minima 9 spacings. Depending on the pressure in the tube and the number of measured spacings, these determinations for Hg atoms range from 4.8 to 5.1 eV. This result contradicts the expected value 10 of 4.67 eV for the lowest excitation in Hg atoms, 6 1 S 0 → 6 3 P 0 ͑see Fig. 2͒ . Higher values for the lowest excitation energy of Hg atoms determined from the experimental data have usually been identified with the transitions to the second 6 1 S 0 → 6 3 P 1 ͑4.89 eV͒ or to the third 6 1 S 0 → 6 3 P 2 ͑5.46 eV͒ excited levels, which are claimed to be stronger. 7 It is not generally realized that the spacings between the maxima and the minima in the experimental records are not equidistant, although the continuous increase of these spacings as a function of the order of the minima or maxima is usually visible. [4] [5] [6] [7] [8] [9] In this article we present data that demonstrates the increase of the spacings and introduce a model explaining this increase. Our model provides accurate determinations of the energies of the first excitation levels of mercury and neon atoms that compare well with published values. In addition, we obtain information on the mean free path of the electrons and on the cross section of inelastic collisions of electrons with atoms.
II. EXPERIMENTS WITH A MERCURY TUBE
The Franck-Hertz experiment with Hg atoms has been performed with a commercial experimental apparatus. 9 It is similar to the apparatus shown schematically in Fig. 1 except the grid G 1 is absent. The distance between the cathode and grid G 2 is L = 7 mm. Figure 3 shows a Franck-Hertz curve with the Hg tube at the temperature T = 170°C. The anode current increases and oscillates as the voltage U 2 increases and shows 12 dips of the anode current. The separation between the 4th and the 12th dip is 39.1 V. The first three dips are not very well defined and are excluded from the data analysis. The mean spacing is ͑39.1 V͒ / 8 = 4.89 V and is larger than the first excitation energy in mercury, 4.67 eV. An accurate evaluation of the individual spacings between the minima as well as between the maxima reveals their systematic increase. The spacing between the 4th and the 5th minimum is 4.78 eV, whereas the spacing between the 11th and the 12th minimum is 5.03 eV. We will show that this increase is due to the additional acceleration of electrons over the mean free path after the excitation energy has been reached, but before inelastic collisions with atoms occur.
The observed increase of the spacing between the maxima and minima varies with the temperature of the Hg tube. Figure 4 shows that three spacings in the Franck-Hertz curve at 145°C correspond to 3.25 spacings at 200°C. This observation supports our model, because the mean free path of the electrons decreases with the atomic density and therefore with the tube temperature. Figure 5 shows the motion of an electron between two grids in a Hg tube in the presence of the accelerating potential U 2 . While it accelerates the electron gains energy and collides with mercury atoms. If the electron energy is smaller than the lowest excitation energy of the mercury atoms, the collisions are elastic and the energy loss by the electron is very small because of the large mass difference between the colliding particles. If the electron energy reaches the excitation threshold of Hg atoms, inelastic collisions may occur. Before the inelastic collision takes place, an electron must come close to a mercury atom. The average distance that an electron moves before the inelastic collision takes place is the mean free path . The electrons continue to gain energy over a distance equal to the mean free path and can excite not only the lowest but also one of the higher energy states of the atoms. This phenomenon significantly modifies the FranckHertz curves and has to be taken into account when analyzing the experimental data. Figure 6͑a͒ shows the energy gain of a free electron moving in the tube between the two grids. The potential U 2 is set slightly above the first excited state of the atoms so that electrons, after reaching the lowest excitation energy E a , move an additional distance before they reach the second grid G 2 . Over this distance the electrons gain the additional energy ␦ 1 and with a high probability inelastically collide with atoms. We assume that an electron loses most of its energy after an inelastic collision, corresponding to the idea that there are many other energy states in the atom above E a that can be excited. This assumption is justified for both Hg and Ne atoms. Figure 6͑b͒ illustrates how an electron gains energy at a higher accelerating potential in comparison to Fig. 6͑a͒ . Because the electric field is higher, electrons gain more energy ͑␦ 2 Ͼ ␦ 1 ͒ along the mean free path . Electrons inelastically collide twice with atoms and their total energy gained in the electric field between two grids is E 2 =2E a +2␦ 2 . This case corresponds to the second minimum in a Franck-Hertz curve.
III. MODEL OF INELASTIC COLLISIONS
For n inelastic collisions the energy gained by the electrons is E n = n͑E a + ␦ n ͒.
͑1͒
At typical tube pressures, the mean free path of the electrons is much less than the distance between two grids, ӶL. With this assumption we have ␦ n Ӷ E a and
If we use Eqs. ͑1͒ and ͑2͒, the spacing between two minima in a Franck-Hertz curve is given by
shows that the spacing ⌬E͑n͒ between the minima increases linearly with the minimum order n. The lowest excitation energy E a derived from Eq. ͑3͒ is
This value corresponds to the minima spacing ⌬E͑n͒ extrapolated to n = 0.5. As a consequence the lowest excitation energy of atoms cannot be directly measured from FranckHertz curves as is usually suggested, because this energy is smaller than the first measured spacing at n = 2, that is, between the first and the second minimum. ͑The spacing for n = 1 is usually not evaluated because it depends on tube parameters.͒ The mean free path of the electrons can also be derived from Eq. ͑3͒,
We have assumed that the electric field between the grid G 2 and the anode is much stronger than the field between the two grids. In a typical Franck-Hertz experiment this condition is satisfied because the distance between the two grids is usually much larger than the distance between the second grid G 2 and the anode, but in the following we will give an example where this condition is not satisfied.
IV. THE LOWEST EXCITATION ENERGY OF Hg ATOMS AND THE MEAN FREE PATH OF THE ELECTRONS
Our measured results for the Franck-Hertz experiment with a mercury tube at different temperatures are shown in Fig. 7 . The measured spacings ⌬E between the minima of the Franck-Hertz curves are shown as a function of the minimum order n for four temperatures 145°C Ͻ T Ͻ 190°C of the tube, together with the linear fits according to Eq. ͑3͒. These results show a linear increase of the spacings with n for all temperatures according to Eq. ͑3͒. We have not observed a decrease of the spacings as expected from the alternative model, which takes into account the nonuniform distribution of the electric field in the experiments. 11 The slope of the linear fits of ⌬E͑n͒ in Fig. 7 decreases with the temperature. This decrease is expected from our model because the mean free path of the electrons in the mercury tube decreases with atomic density and therefore with the tube temperature. Figure 7 shows that all the linear fits to the experimental data converge at approximately n = 0.5 ͑dashed line͒. According to Eq. ͑4͒ the value of ⌬E͑0.5͒ corresponds to the lowest excitation energy E a of the atoms. The values of ⌬E͑0.5͒ obtained from the linear fits of the data for nine temperatures in the range 140°C Ͻ T Ͻ 200°C are shown in Fig. 8 . The error bars show a lower limit because they only include statistical errors obtained from the linear fits. Within the expected accuracy the minima spacings show no dependence on the temperature; their mean value 4.65± 0.03 V corresponds to the lowest excitation energy, 4.67 eV, in Hg atoms ͑6
1 S 0 → 6 3 P 0 ͒. 10 To our knowledge, this experiment is the first determination of the lowest excitation energy of Hg atoms made with a standard Franck-Hertz experiment. Note that even the energy resolved measurements with more sophisticated versions of the Franck-Hertz experiment do not resolve the lowest excited state 6 3 P 0 in mercury. 6, 12 The determination of the lowest excitation energy of mercury is often performed by measuring the spacings between the maxima in Franck-Hertz curves. To verify this approach we determined the values of E a from the spacings between the maxima. Figure 8 shows that these values are lower than expected and vary with the tube temperature. The reason is that the maxima correspond to inelastic collisions of relatively high energy electrons. The distribution of the electron energy depends on various tube parameters and varies with the maximum order. Moreover, the accuracy of the measurements of the positions of the maxima is affected by the overlap of the oscillations and a rapid general increase of the anode current. Therefore, it is more appropriate to determine the spacings between the minima of the current. The minima correspond to inelastic collisions of the electrons possessing the most probable energy and hence to the local maxima of the light emission in the tube. 4 The mean free path of the electrons for inelastic collisions in the tube is determined according to Eq. ͑5͒ by the slope of the linear fit of ⌬E͑n͒. The values corresponding to the data in Fig. 7 are given in Table I . The mean free path decreases with the temperature and thus with the atomic density N as
where is the cross section for inelastic collisions, k B is Boltzmann's constant, p is the pressure of the mercury vapor, and T is the tube temperature expressed in Kelvin. In the temperature range from 300 to 500 K the mercury pressure p ͑in Pa͒ is approximated 13 p = 8.7 ϫ 10 ͑9−͑3110/T͒͒ . ͑7͒ Figure 9 shows the values of the mean free path deter- Fig. 7 . Spacings ⌬E between the minima in the Franck-Hertz curves measured with a Hg tube at four temperatures as a function of the minimum order n. The corresponding linear fits ͑solid lines͒ according to Eq. ͑3͒ are also shown. Fig. 9 . Dependence of the mean free path on the tube temperature. The curve represents the fit of the experimental data to Eq. ͑6͒.
mined in the experiment as a function of the temperature. The curve is the fit of the experimental data using Eqs. ͑6͒ and ͑7͒. The cross section for inelastic collisions obtained from this fit is = ͑2.1± 0.1͒ ϫ 10 −19 m 2 . This value agrees with the cross section for the electron excitation of the mercury state 6 3 P 0 given in Ref. 7.
V. EXPERIMENTS WITH A NEON TUBE
We also performed Franck-Hertz experiments with neon. This experimental setup ͑Leybold Didactic GmbH, model 555870͒ is similar to the setup shown in Fig. 1 . The curves measured with a neon tube at different values of the retarding potential U 3 are shown in Fig. 10 . The minima of these curves reveal a systematic substructure. We explain this substructure by the excitation of additional energy levels of neon atoms above the lowest excited state. Figure 11 shows that the first 14 excited levels in neon are divided into two groups, E a1 and E a2 , with a spacing of about ⌬E = 1.7 eV.
14 According to our model, electrons gain additional energy over the mean free path and excite not only the lowest energy level E a1 of Ne atoms, but also one of the higher excited states, for example, E a2 . Therefore, the minima in the Franck-Hertz curves are divided into local dips corresponding to the energy separation between E a1 and E a2 . The number of the dips increases with the minimum order, because the electrons exciting E a2 and E a1 levels have different initial conditions for the next inelastic collision. The evidence for the excitation of E a2 levels in neon is provided by the visible light emitting zones inside the Franck-Hertz tube in the range from 540 to 744 nm. This emission corresponds to the spontaneous transition in neon atoms from E a2 to E a1 levels. We see that a standard commercial Franck-Hertz experiment allows us to resolve different energy states in neon, which can be easily incorporated into the observations by undergraduate students.
The presence of local dips in Franck-Hertz curves offers an alternative way of evaluating the mean free path of electrons. Figure 10 shows that the second local dip in the third minimum of the Franck-Hertz curves becomes dominant, which means that the mean free path is large enough for electrons to gain the additional energy of ⌬E = 1.7 eV. Therefore, the value of can be estimated as:
With ⌬E = 1.7 eV, U 2 =60 V ͑third minimum͒, and L = 6 mm, the mean free path of the electrons for inelastic collisions in the neon tube is = 0.17 mm. The mean free path of the electrons in the neon tube can be estimated in the same way as for the mercury tube by using Eq. ͑5͒, assuming a homogeneous distribution of the lower excited levels in atoms, and neglecting the local dip substructure in Franck-Hertz curves. The spacing between the main minima in the Franck-Hertz curves for the neon atoms is shown in Fig. 12 as a function of n. Similar to the mercury tube, the spacings increase linearly with n. According to Eq. ͑4͒ the energy of the lowest excited level of neon atoms can be determined from the linear fit of ⌬E͑n͒ as E a1 = ⌬E͑0.5͒ = 16.5± 0.2 eV. This value compares well with the data in Fig. 11 . The slope of the linear fit of ⌬E͑n͒ in Fig.  12 is d⌬E / dn = 1 V. From this slope and Eq. ͑5͒, the mean free path of the electrons in the neon tube is = 0.18 mm. This value is in good agreement with our estimate from Eq. ͑8͒. Figure 10 shows that an increase in the retarding potential U 3 shifts the Franck-Hertz curves to the right, which means that a higher accelerating voltage U 2 is required to reach the same minima in the Franck-Hertz curve. The reason is that the excitation of neon atoms occurs not only in front of the grid G 2 , but also behind this grid, especially if the electric field between G 2 and the anode is less than the field between the two grids, as is shown in Fig. 13͑a͒ . At high values of U 3 ͓see Fig. 13͑b͔͒ the excitation occurs mostly before the grid G 2 , which corresponds to the approximation of our model. For many minima, the influence of the retarding potential U 3 is important for the last excitation only and Eq. ͑3͒ becomes accurate for both cases.
VI. SUMMARY
We have discussed a new observation for the Franck-Hertz experiment for mercury and neon tubes; that is, the spacings between the minima in a Franck-Hertz curve increase linearly with the number of minimum. To explain this effect we have taken into account the additional acceleration of the electrons over their mean free path after the excitation energy is reached. The model is consistent with experimental data and allows an accurate estimate of the lowest excitation energy of the atoms and the mean free path of the electrons.
We also presented the first accurate determination of the energy of the first excited levels in mercury and neon using a standard Franck-Hertz experiment. Franck-Hertz curves obtained with a mercury tube at different temperatures show a reciprocal dependence of the mean free path of the electrons on the atomic density and permit us to determine the cross section of inelastic collisions of electrons with atoms. Our approach upgrades a typical Franck-Hertz experiment from a demonstration to an experiment well suited for advanced undergraduate laboratories. Fig. 13 . Electron energy E between the grid G 1 and anode A at ͑a͒ low and ͑b͒ high values of the retarding potential U 3 . E a is the lowest excitation energy of the atoms and ␦ 1 is the additional energy gained by the electron along the mean free path .
